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Validation of an Impedance Eduction Method in Flow

Willie R. Watson,* Michael G. Jones,f and Tony L. Parrott4

NASA Langley Research Center, Hampton, Virginia 23681-0001

Results are reported for validating a method for educing the normal incidence impedance of a locally reacting
liner in a grazing incidence, nonprogressive acoustic wave environment with flow. The results demonstrate the
ability of the method to reproduce the normal incidence admittance of a solid steel plate and normal incidence
impedance of two soft test liners in a uniform flow. The selected test liners are known to be locally reacting and exhibit
no amplitude-dependent impedance nonlinearities and only minimal flow effects. Baseline results for these liners
are, therefore, established from measurements in a conventional normal incidence impedance tube. A key feature
of the method is the expansion of the unknown impedance function as a piecewise continuous polynomial with
undetermined coefficients. Stewart's adaptation (Stewart, G. W., Ill, "A Modification of Davidon's Minimization
Method to Accept Difference Approximations of Derivatives," Journal of ACM, Vol. 14, No. 1,1967, pp. 72-83) of the
Davidon-FIetcher-Powell optimization algorithm is used to educe the normal incidence impedance at each Mach
number by optimizing an objective function. The method very nearly reproduces the normal incidence impedance
spectrum for each of the test liners; thus, its usefulness for determining the normal incidence impedance of test
liners for a broad range of source frequencies and flow Mach numbers is demonstrated.

Nomenclature
[Ail [Bil [C;] = major blocks in [A(plq)]
[A[I'J]] = local element matrix
[A(Piq)l [AB] = block-tridiagonal matrices
a, b , = length and height of an element
[®il [bil [Q] = minor blocks in [A(piq)]
CD, PQ = ambient sound speed and density
dA = differential of cross-sectional area
E ( x , y ) = field-equation error function
[F] = vector that contains source effects
fq (x), NI (x, y) - one- and two-dimensional basis

functions, respectively
H, L = height and length of duct
i =V-i
k = free-space wave number, CO/CQ
L i, L2 = leading and trailing edge of liner
M, N = total number of transverse and axial nodes
M0 = average flow Mach number, UQ/CQ
m = number of upper wall measurement points
p ( x , y ) = acoustic pressure at (jc, y)
Pm(*i5 fiiq) = finite element wall pressure
ps (y), Pret = source and reference pressure
SPL(*/) = upper wall sound pressure level
u,v = axial and transverse velocity
w0 = flow speed in axial direction
x,y,z = Cartesian coordinates
xi = upper wall measurement location
f>iq = admittance coefficient determined from

optimized objective function
p(x) = normalized wall admittance, !/£(.*)
? (x), £exit(y) = wall and exit impedance, normalized with PQCQ
9, x = resistance and reactance
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K, a

Subscripts

Superscript
T

- conductance and susceptance
= nodal value of acoustic pressures
= global vector of acoustic pressures
= local vector of acoustic pressures
= relative phase
= objective function
= angular frequency
= absolute value

= node counters for axial and transverse
directions of duct

= number of wall measurement points

= matrix transposition

Introduction

E FFICIENT duct treatments for broadband acoustic noise sup-
pression remain critical to the development of environmen-

tally acceptable commercial aircraft in the next century. To this
end, an accurate knowledge of duct-treatment impedance is imper-
ative. Validation of liner impedance prediction models for grazing
flow is commonly accomplished in a flow duct that provides grazing
flow/grazing-incidence sound on a test liner. From appropriate mea-
surements, the normal incidence impedance in a grazing-incidence
and grazing flow environment and for locally reacting test materi-
als can, in theory, be educed. Depending on the accuracy/precision
required, several methods or approaches are available for accom-
plishing this eduction process. The simplest approach, the so-called
infinite-waveguide method, relies on the measurement of the prop-
agation constant of an assumed single, unidirectional propagating
mode1"3 that is directly related to the normal incidence impedance
of the test specimen by means of a modal solution. In real facili-
ties, sufficiently idealized test conditions, i.e., a unidirectional, sin-
gle propagating mode, are rarely attained. Additionally, if the test
liner impedance is nonuniform or the flow Mach number is suffi-
ciently high, added wave field complexity can result either from
energy scattering into higher-order modes or from end reflections.
Although these conditions may be desirable for achieving more ef-
ficient, broadband absorbing structures, they are complicating fea-
tures that cannot be handled by the infinite-waveguide method for
impedance determination.
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Two recent papers presented results from a finite element-based
contour deformation method4'5 for educing the uniform impedance
of an acoustic material located in a no-flow duct carrying a nonpro-
gressive multimodal sound field. The contour deformation method
was replaced by a more efficient optimization algorithm, and the
method was extended and validated for variable impedance liners.6
To continue to increase the realism of this validation process, the
next step is to incorporate flow effects.

The purposes of this paper are to extend the impedance eduction
method6 to include the convective effects of a flow and to perform
a validation exercise. The successful validation of an impedance
eduction method contains two elements. The first element requires
agreement for linear liners between impedance values educed in
the presence of flow and those educed at normal incidence with
no flow. The second element of a successful validation exercise
requires accurate eduction of impedance values for nonlinear liners
at various sound pressure levels (SPLs) and mean flow rates. The
validation discussed in this study will focus on the first element. To
accomplish this goal, special care is taken to choose test liners that
are demonstrably locally reacting, for which the normal incidence
impedance exhibits no measurable amplitude-dependent behavior
and for which the convective effects of the grazing flow are minimal.

Problem Description
The two-dimensional test region shown in Fig. 1 is spanned by x

and y coordinates. The region is L units long, with the source and
exit planes at x = 0 and L, respectively. Note that the MKS system
of measurement is used throughout this paper. Measured inputs at
the source and exit planes are the source pressure ps(y) and the
exit impedance £exit(y), respectively. A total of m points are located
at jc = jci, X2, J C 3 , . . . , xm along the rigid upper wall, at which the
complex acoustic pressures are measured. The test liner is the part of
the otherwise rigid bottom wall between L\ <x < L2. The lining
material has an unknown impedance distribution £(*), as shown.
The uniform flow, of speed MO> is subsonic and flows from left to
right. The problem is to determine the impedance of the material as a
function of the flow Mach number from the measured boundary data.

Steady-state acoustic pressure waves that propagate within the
duct shown in Fig. 1 satisfy the equations7

dp((UP+HO_ =

8u
—
dx

1 dp
—-

PQ dx

dv 1 dp
ICOV + UQ — = —— —

dx PQ dy

(2)

(3)

Physically, these three continuity equations represent the linearized
conservation equations for mass, axial momentum, and transverse
momentum, respectively, in the flowing fluid. Equations (1-3) are
conveniently combined into a single second-order partial differential
equation on the acoustic pressure field:

(4)

Before a solution to the acoustic field can be obtained and the un-
known impedance educed, boundary conditions must be prescribed.

Along the source plane of the duct (x = 0), the acoustic pressure
ps(y) is assumed to be measured as

P = Ps (5)

fr fr ft fr fl . . . *m

Source plane Uniform Mean Flow, UQ Exit plane
^impedance ̂ (y)

Unknown impedance £(*)

Fig. 1 Two-dimensional duct and coordinate system.

Along the rigid upper wall, the normal component of acoustic par-
ticle velocity must vanish, i.e., v = 0; thus,

dy (6)

At the duct termination (x = L), the ratio of the acoustic pressure to
the normal component of acoustic particle velocity must equal the
measured exit impedance ?exit(v):

/U = £exit (7)

which when substituted into the axial momentum equation (2) and
simplified gives

-ikp
dx [M0 + ferit]

The lower wall, locally reacting condition gives8

MQ d

ik dx l

(8)

(9)

when expressed in terms of fi(x), the reciprocal of the impedance
function. Equation (9) can be conveniently substituted into the trans-
verse momentum equation (3) to yield

9p
dy-

Equations (4-6), (8), and (10) form a boundary-value problem that
can be solved numerically to determine the upper wall pressures
for a given admittance function fi(x). Conversely, if the upper wall
pressures at x = jci, x2, J c 3 , . . . , xm are measured along with ps(y),
p(x, //), and fexit(v), then a unique test liner impedance function
exists that will reproduce these wall pressures. Thus, the goal of
this paper is to devise a procedure for educing this unknown liner
impedance function from measured complex acoustic pressures.

Numerical Method
The numerical method chosen to solve the governing equation

coupled with the boundary conditions is the finite element method.
The finite element methodology closely parallels that used in an
earlier paper.4 When applied to the current acoustic problem, the fi-
nite element method may be interpreted as an approximation to the
continuous acoustic field as an assemblage of rectangular elements
(Fig. 2). Here, N nodes are assumed in the axial direction of the duct
and M nodes are assumed in the transverse direction of the duct.
A typical rectangular element with width a and height b (Fig. 3)
consists of four local node numbers, labeled 1, 2, 3, and 4, respec-
tively. The objective is to obtain the unknown acoustic pressures at
the nodes of each of the (M - \)(N — 1) elements. Galerkin's finite
element method is used to minimize the field error. The field error
function is defined as

Within each element, the acoustic pressure p is expanded as a series:
WDOF

p(x,y)= 2_, NI(X, y)$>i (12)
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Fig. 2 Finite element discretization of two-dimensional duct.
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Local node
.x numbers

Fig. 3 Typical finite element and local node numbering system.

where NDOF, Nj(x, y), and <£/ are the number of degrees of free-
dom (DOF), the basis functions, and nodal coefficients, respectively,
for the element.

In the earlier paper4 on no flow, linear basis functions were used,
and the nodal coefficients were the acoustic pressures at the four
nodes of the element. However, the convective effects of the flow
have introduced second-derivative terms in the wall admittance
boundary condition (10), so that the basis functions used in the
finite element method must be such that both the acoustic pressure
p and its axial derivative are continuous at the lower boundary.
The lowest-order, fully compatible, rectangular element satisfying
these two continuity conditions is that used for plate bending.9 The
plate bending element was introduced over three decades ago and
has been used successfully in both structural analysis9 and nacelle
acoustics.10 A typical plate bending element consists of 16, i.e.,
NDOF = 16, cubic Hermite polynomials N/(JC, y) and nodal coef-
ficients $i (Ref. 9). Expressions for the nodal coefficient <£/ and
basis function N/ (x, y) for a typical plate bending element are rather
lengthy and are not written explicitly in this paper because they can
be found elsewhere.9

The variable exit impedance f exit 00 and wall admittance p(x) are
also represented in terms of series along each boundary element:

f exit 00 = ?GxitO>,/)/lOO + £exitO>7+l)/300

(13)

P(X) = + 0/3/3 (X) + 0/4/400 (14)

where pjq are unknown coefficients to be determined and // are
the one-dimensional Hermite polynomials for plate bending.9 For
(N — 1) columns of elements, 4(N — 1) coefficients must be deter-
mined. Ideally, the solution to the sound field is obtained when the
field error E ( x , y ) is identically zero at each point of the domain.
Thus, the field error function is made to be orthogonal to each basis
function Nf(x, y). Contributions to the minimization of the field
error function from a typical element are

ENjdA (15)

Each second-derivative term in the integrand of Eq. (1 5) is integrated
by parts, and the admittance boundary conditions are incorporated
at the element level as in Ref. 4.

The contribution to the minimization of the field error for each
element is expressed in matrix form as

(16)

where [A[/i>/1] is a 16 x 16 complex matrix for each element [/, J]
and {<£l/'y]} is a 16 x 1 column vector that contains the unknown
acoustic pressure and its derivatives at the four nodes of the element.
The coefficients in the local stiffness matrix [A[/'yl] are computed
in closed form.

Assembly of the global equations for the computational domain is
a basic procedure in the finite element method. Appropriate shifting

of rows and columns is all that is required to add the local element
matrix [A[I'J]] directly into the global matrix [AB] (Ref. 9). The
elements for the entire domain can be assembled to result in a matrix
equation of the form

- {0} (17)

where [AB] is a complex matrix with an order of 4MN and {<$} is a
4MN x 1 column vector. The vector {<!>} contains the nodal values
of the unknown acoustic pressure and its derivatives at the MN
nodes of the duct. The source pressure boundary condition must be
applied to this system of equations before a solution can be obtained.
To satisfy the noise-source boundary condition, all nodal values of
the acoustic pressure at the source plane (x = 0) are simply set to the
known value of source pressure ps(y). Thus, after inserting these
source conditions into the assembled global matrix equation (17),
nonzero elements are introduced into 2M components of the zero
vector {0}. This process leads to a modified set of equations of the
form

(18)

The global matrix [AC^)], which is generated by Galerkin's
method, is a complex positive indefinite matrix. The structure of
matrix [A(Piq)] is as follows:

'[Ail [B2]
[C2] [A2] [B3]

[CN] [AN]m

(19)

Note that [A(plq)] is a square, nonsymmetric block-tridiagonal ma-
trix. This global matrix contains several major blocks, [A/], [#/],
and [C/], as shown in Eq. (19). Each major block is a 4M x 4M
block-tridiagonal matrix:

[c2]

[CM]

(20)

Each minor block, [aj], [bj], and [cj] is a 4 x 4 complex matrix so
that the order of [A(p!q)] is 4NM x 4NM. When flow is absent,
the diagonal major blocks [A/] are symmetric, and [C/]r = [#/].
Much practical importance arises from this structure because of
its convenience for minimizing storage and maximizing computa-
tional efficiency. Special matrix techniques exist for a solution of
this structure. Gaussian elimination with partial pivoting and equiv-
alent row infinity norm scaling is used to reduce the system to upper
triangular form. Backsubstitution is then used to obtain the solution
for the acoustic pressure and its derivative at the NM node points.
All computations are performed only on the elements within the
bandwidth of [ACS/,)].

Three sets of boundary data are required in addition to the rigid
upper wall condition before the duct propagation model described
by Eqs. (18) can uniquely determine the upper wall pressure. The
impedance eduction method discussed in the following section
makes use of the unique relationship between the measured up-
per wall pressures p(jc/, H) and the following three sets of data:
1) the source plane pressure ps(y), 2) the exit plane impedance
?exitOO» and 3) the test liner impedance function £(x) = l/p(x). If
any two of the listed values and the upper wall pressures are mea-
sured, then the remaining values can be determined. We seek the
test liner impedance ? 00. This function is determined by measuring
the upper wall and source pressures and the exit impedance. These
measurements are accomplished in the NASA Langley Research
Center Flow Impedance Test Facility.

Data Acquisition
The input data used to educe the impedance of each test specimen

are obtained from measurements in the Flow Impedance Test Facil-
ity at NASA Langley Research Center. A schematic of the flow
impedance tube is provided in Fig. 4. This multiconfigurational
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High Pressure Air Line

Traversing
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Cluster of Plenum Chamber Test Section
Acoustic (high pressure air & with Liner
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Distance from source plane, d
(m)

A - Exit of plenum chamber -2.34
B - Start of 51 x51 mm square cross section -0.94
C - Computational source plane 0.00
D - Leading edge of acoustic liner 0.20
E - Trailing edge of acoustic liner 0.61
F - Computational exit plane 0.81
G - Entrance to termination section 2.24

Termination Section
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plane to duct height, d/H

-46
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Fig. 4 Schematic of NASA Langley Research Center flow impedance tube.

apparatus has a 51 x 51 mm cross section in which a controlled
aeroacoustic environment can be achieved with a centerline Mach
number of up to 0.6 over the test specimen length. The test specimen
is centered in a computation domain that runs from a source plane
labeled C to an exit plane labeled F.

The desired aeroacoustic environment in the computational do-
main is achieved with four 120-W acoustic drivers whose phase-
matched outputs are converged to a location 2.2 m upstream of the
plenum exit by means of a manifold. At the test specimen leading
edge, discrete tones with SPLs up to 155 dB can be achieved over
a frequency range of 0.3-3.0 kHz. The mean flow is conditioned
by a specially designed plenum that allows flow to be combined
with the sound field such that sound transmission efficiency degra-
dation is minimal. This is accomplished by equipping the plenum
chamber with a porous, inner cylindrical core fabricated of high-
flow-resistance fibermetal. The porous cylinder has the same airway
cross-sectional area (57-mm inner diameter) as the duct from the
acoustic driver manifold. High-pressure air is fed into the coannular
region of the plenum and percolates through the porous cylinder
walls to combine with the sound from the acoustic drivers. The goal
of this mixer design is to minimize the expansion chamber muffling
action on the acoustic output from the drivers and also to minimize
the introduction of unwanted flow noise.

The combined sound and mean flow exits the plenum chamber
into a 57-mm round cross-sectional tube, which extends 0.94 m.
A 0.30-m round-to-square tube, which maintains a constant cross-
sectional area, is then used to transition to the 51 x 51 mm square test
section. The test section (section of the duct between the source and
exit plane) is 812 mm long, with the upper and side walls constructed
from stainless steel. The sound and flow pass over the liner surface,
which forms the lower wall of the duct, and then exit through a
termination section, designed to be as nonreflecting as possible.

Throughout the computational domain, three-dimensional mean
flow uniformity was assumed (region C-F in Fig. 4). Also, two
dimensionality of the acoustic field was maintained as nearly as
possible by restricting excitation frequencies to below the 3-kHz
cuton in the hardwall region, i.e., only the plane wave propagates in
the hardwall region, so that spanwise modes (the source of three-
dimensional acoustic effects) were not available to carry a significant
amount of acoustic energy.

The leading edge of the test specimen was 50 duct heights down-
stream of the plenum exit. The Reynolds number range, based on
duct height, was from 1.16 x 105 to 5.8 x 105, corresponding to the
target centerline Mach numbers of 0.1 and 0.5, respectively. Total-
pressure surveys were conducted at three cross-sectional planes
located 25,406, and 787 mm (0.5,8.0, and 15.5 duct heights) down-
stream of the source plane, respectively. These surveys were con-
ducted with a 54-port total pressure rake, which was specifically
designed for the Flow Impedance Test Facility. Total pressures at
each port location were combined with the static pressure, measured

in the same axial plane, to determine the mean flow Mach number
profile at each axial plane. These same data were also used to de-
termine the mean density, mean pressure, and mean temperature as
a function of the flow Mach number. (These flow properties were
observed not to change from their ambient values.) On the basis of
these profile measurements, the wall boundary layers appear well
merged at the source plane. Although the flow profiles were not com-
pletely developed in the test section, measurements at the source and
exit planes showed little change in profile shape, as evidenced by
changes in the ratios of centerline to average velocity of 8 and 5%,
respectively, for target centerline Mach numbers of 0.1 and 0.5, re-
spectively. The profiles were observed to follow the l/N power law,
with N ranging from 7 to 10 (Ref. 11).

The uniform flow Mach number used to perform each impedance
eduction in this report was taken to be the average value of the
Mach number profile measured at the midliner axial plane (406 mm
downstream of the source plane). Data were taken at four target
centerline Mach numbers, i.e., 0.0, 0.1, 0.3, and 0.5. Turbulence
levels in the test section were not measured. However, narrowband
(1-Hz) flow noise spectra have been measured over the frequency
range 0.5-3.0 kHz with the acoustic drivers disengaged.12 These
data showed that at a centerline Mach number of 0.5 the measured
total rms fluctuating pressure level at the wall was 152 dB. This is
18 dB greater than what would be expected from turbulence alone,
which suggests that the flow noise in the test section is dominated
by acoustic sources external to the local microphone measurement
region. More tests are planned to better understand the contributions
to test section flow noise.

As already mentioned, acoustic waves are propagated from left to
right, across the surface of the test specimen, and into a termination
section designed to minimize reflections over the frequency range of
interest. Two 6-mm, condenser-type microphones are flush mounted
in the test section: one at the test specimen leading edge on the side
wall and the other on an axial traverse bar, which forms a portion
of the upper wall of the test section. A 13-mm-wide, precision-
machined slot in the top wall of the flow impedance tube allows
this axial traverse bar to traverse the test section length by means of
a computer-controlled digital stepping motor. The data acquisition
program automatically positions the traversing microphone at 34
preselected locations */, which range from 203 mm upstream of
the leading edge to 50 mm downstream of the trailing edge of the
test specimen. At each measurement location, a transfer function
between the traversing and fixed microphones is measured and is
used to determine the SPL fe) and phase 0(*/) relative to the fixed
microphone location. The complex acoustic pressure at the wall
location is determined from the equation

p(xh H) =

where the reference pressure /?ref is 20

(21)
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The source-plane acoustic pressure and exit-plane impedance are
functions of position along these planes. Therefore, transverse probe
microphones should be used to measure these data when the test
specimen is installed. This facility is not designed to easily ac-
commodate transverse probe microphones because it is intended to
operate below the cuton frequency of any higher-order modes. This
experiment was, therefore, carefully designed to minimize higher-
order mode effects along the source and exit planes. Almost all data
for the duct propagation model were obtained from measurements
made by the upper wall traversing microphone. Note that, because
of the sound absorbing properties of the liner, high-order mode ef-
fects cannot be avoided in the liner region. Thus, high-order modes
and reflections are generally present in the vicinity of the leading
and trailing edges of the specimen.

To avoid the need for a transverse probe, the source plane was
located 203 mm upstream of the leading edge of the test specimen in
the hardwall section of the duct, and the source frequency was kept
below the cuton frequency of higher-order hardwall modes. Higher-
order mode effects caused by the installation of the test specimen are
expected to decay upstream of the leading edge of the test specimen.
Therefore, the source pressure at each point along the source plane
is set to the value measured at the upper wall source location. A
similar procedure is applied at the exit plane. The exit plane is located
203 mm downstream of the trailing edge of the test specimen, also
in the hardwall section of the duct. The switched two-microphone
method13 was used to obtain the exit impedance. Almost identical
exit impedance was measured for both the hardwall and the soft
test liner configurations. Because the exit plane is 4 duct heights
downstream of the trailing edge of the liner and higher-order modes
are cut off, higher-order modes generated by the installation of the
liner are not expected to carry appreciable acoustic energy to the exit
plane. Thus, the exit impedance values at all points along the exit
plane are set to that obtained at the side wall.

Impedance Eduction Technique
The measured data ps(y) and £exit(y) provide a set of consis-

tent boundary data for testing the impedance eduction technique.
The solution to Eq. (18) gives the upper wall acoustic pressure as
a function of the undetermined coefficients p!cj. These coefficients
are determined from the measured upper wall acoustic pressures.
The procedure is to determine values of these coefficients such that
the upper wall pressure solution obtained from Eq. (18) reproduces
the measured upper wall acoustic pressures /?(*/ , H). Thus, we min-
imize the objective function

/; Pig)\ (22)

Note that this positive-definite objective function may be interpreted
as the difference between the known acoustic wall pressure and that
computed by the finite element method.

Because the optimization algorithm makes use of the objective
function gradient to find its minimum and this function is available
only in numerical form, i.e., as a finite element solution of Eq. (18),
Stewart's adaptation of the Davidon-Fletcher-Powell optimization
method is used to obtain the minimum.14

Description of Test Liners
The following section demonstrates the ability of the current

method [grazing-incidence tube (GIT) method] to converge to the
known normal incidence admittance of a solid steel plate and to the
known normal incidence impedance of two soft test liners. The soft
test liners were chosen because their impedances were shown to be
fairly insensitive to the flow Mach number and SPLs.15 Baseline
impedance spectra for these two liners were established, therefore,
from measurements in a normal-incidence tube (NIT). The three
liners, shown schematically in Fig. 5, are intended for validation
purposes only and are described in detail here.

1) There is a stainless-steel insert that continues the hardwall
condition of the flow duct and provides a baseline condition for
establishing zero admittance.

2) There is a ceramic structure of parallel, cylindrical chan-
nels, 0.635 mm in diameter, embedded in a ceramic matrix. The

(a) Solid stainless steel plate

(b) Ceramic calibration liner

(c) Slot liner
"*^Fibermetal facesheet
< Slot core, constant depth
/ Rigid backplate

Fig. 5 Schematic of test liners.

83-mm-deep channels, i.e., d = 83 mm, separated by a wall thick-
ness ranging from 0.1 to 0.2 mm, run perpendicular to the exposed
surface to provide a surface porosity of 57% and resonant frequency
of 1 kHz. The channels are rigidly terminated such that each is iso-
lated from its neighbor to ensure a locally reacting structure. The
channel diameter is small enough that the flow effects are minimal
without the typical addition of a cover sheet.15

3) The final test liner is a 76-mm-deep, i.e., d = 16 mm, slot liner
composed of 65 slot cavities with a resonant frequency of 1.15 kHz.
The slot liner consists of 66 aluminum parallel plates that are placed
approximately 6 mm apart. A 100 kg/m2-s fibermetal facesheet is
bonded to the surface of the liner.

Results and Discussion
Computer Code

An in-house computer code that implements the GIT impedance
eduction method has been developed. Solution of the finite ele-
ment matrix equation and the minimization of the objective func-
tion were performed by using highly developed software packages
available at NASA Langley Research Center. Results are computed
on a DEC-Alpha workstation. An evenly spaced 251 x 11 grid is
used (N = 251 and M = 11) in the finite element discretization for
all calculations. This grid ensures that a minimum of 10 elements
per axial wavelength is used in the finite element discretization at the
highest frequency of interest. Results are presented for six selected
frequencies (0.5, 1.0, 1.5, 2.0, 2.5, and 3.0 kHz) and four target
centerline Mach numbers (0.0, 0.1, 0.3, and 0.5). All calculations
are performed at standard atmospheric conditions using the duct
geometry of the NASA Langley Research Center Flow Impedance
Tube Facility, i.e., H = 51, L = 812, L{ = 203, and L2 = 609 mm.
The undetermined coefficients f i l q , consistent with the measured
acoustic pressure distribution on the upper wall, are returned by the
GIT method. Note that all results are computed in terms of the ad-
mittance function 0(#); the corresponding impedance function is
obtained from its reciprocal, i.e., £(*) = V000-

The objective function for all results given is constructed by us-
ing all 34 upper wall points, i.e., m = 34. It should be noted that the
value of\ls(plq) obtained at the minimum point was heavily depen-
dent on the flow Mach number, frequency, and test liner construction.
Recorded values at the optimum were in the range 10 < ̂  < 600.
Generally, the smallest value of the objective function at the min-
imum point was obtained for the rigid test liner. No correlation
between the magnitude of the error in the educed impedance or ad-
mittance and the value of the objective function at the minimum
point was observed. Thus, the intuitive idea that smaller errors in
the educed impedance or admittance values occur at low values of
T/r was not supported by results in this study. Further, because all
liners tested in this study have constant wall admittance functions
/*, the number of optimization variables was reduced from 8(N - 1)
to 2. This constant admittance function $ is obtained from Eq. (14)
by setting

0/2 = 0 /4=0 + 0*, (23)

Thus, the wall objective function is a function only of the uniform
admittance 0, i.e., ty = ty(K,a). Here, K is the conductance and a
is the susceptance of the test liner, i.e., ft = K + ia. Further, it is



WATSON, JONES, AND PARROTT 823

0.75

0.50

0.25

0.00

-0.25

a Known
o GIT (M=0.0)
A GIT(M=0.1)
o GIT(M=0.3)
v GIT (M=0.5)

0.0 0.5 1.0 1.5 2.0 2.5 3.0
Frequency, kHz

Fig. 6a Comparison of conductance spectra for rigid test liner.

n NIT
o GIT (M=0.0)
A GIT(M=0.1)
o GIT(M=0.3)
v GIT (M=0.5)

0.0 0.5 1.0 1.5 2.0 2.5 3.0
Frequency, kHz

Fig. 7a Comparison of resistance spectra for ceramic calibration liner.

0.5

0.3

0.0

-0.3

-0.5
0

o Known

o GIT (M=0.0)

A GIT(M=0.1)

o GIT(M=0.3)
v GIT(M=0.5) v

* A 78 a a g
o

0 0.5 1.0 1.5 2.0
Frequency, kHz

7

A
7 A

O
D a

o

2.5 3.0

Fig. 6b Comparison of susceptance spectra for rigid test liner.

5

4

3

2

1

0

-1

-2

-3

-4

-5

• a NIT

- o GIT (M=0.0)

AGIT(M=0.1)
o GIT (M=0.3)

• v GIT(M=0.5) v
<

7

§

A

: 8

o

• . . . . 1 . . . . 1 . . . . 1

0
o
n

v

S I

. . . . i . . . . i , . . i
0.0 0.5 1.0 1.5 2.0

Frequency, kHz
2.5 3.0

Fig. 7b Comparison of reactance spectra for ceramic calibration liner.

convenient to present results for the two soft liners in terms of the
resistance 0 and reactance x of the test liner (£ = 9 + //)• Note that
the admittance or impedance spectra computed for each flow Mach
number consumed less than 12 min of CPU time on the workstation.

Rigid Test Liner
Figure 6 shows a comparison of the admittances educed in the

grazing flow tube using the GIT method with the known values
of a solid surface, i.e., conductance and susceptance values for a
solid surface are zero. These comparisons are shown for each target
centerline Mach number. GIT-educed conductance and susceptance
values for this test liner not only are independent of the flow Mach
number but are in excellent agreement with the known values of a
solid surface. Note that the accuracy of the GIT-educed susceptance
spectrum is slightly less than that of the GIT-educed conductance
spectrum.

Ceramic Test Liner
Comparisons between the GIT-educed impedance spectrum and

the NIT-educed spectrum for the ceramic test liner are shown in
Fig. 7. These spectra agree reasonably well, except at 0.5 kHz and
near the antiresonant frequency, i.e., 2.0 kHz, of the ceramic mate-
rial. This poor result near antiresonance is typical for impedance-
eduction techniques inasmuch as the liner appears acoustically
hard, i.e., highly reflecting, to the aeroacoustic environment at
that frequency. This hardness is supported by the computation
of the admittance at 2.0 kHz, which gives a normalized conduc-
tance range of 0 < K < 0.27 and a normalized susceptance range of
-0.13 < a < 0.10. Note that Fig. 7 shows that the impedance spec-
trum is minimally influenced by the flow Mach number, except at
the lowest frequency of interest, i.e., 0.5 kHz. The dependency of the
impedance on the flow Mach number at 0.5 kHz was not expected
and is still under investigation.

Note that for the ceramic test liner there is a slight trend toward
divergence between the NIT- and GIT-educted impedance spectra
as the flow Mach number increases (Fig. 7). As shown in Fig. 4,
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Fig. 8a Comparison of resistance spectra for slot liner.
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Fig. 8b Comparison of reactance spectra for slot liner.
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the flow enters the duct sufficiently far upstream of the source plane
that the duct wall shear layers, i.e., that are introduced by real flow
effects, have nearly merged throughout the computational domain.
Because the gradients in these shear layers increase with the flow
Mach number, the uniform flow assumption is violated at the higher
flow speeds. This accounts for the slight divergence between the
NIT- and GIT-educed impedance spectra at the higher values of flow
Mach number in Fig. 7. Thus, further minimizing this divergence
will require the inclusion of mean flow gradients in the acoustic
equations [see Eqs. (1-3)].

Slot Liner
Figure 8 shows comparisons between the NIT-educed impedance

spectrum and the GIT-educed spectrum for the slot liner. For
reasons mentioned earlier, a discrepancy is noted between the NIT-
and GIT-impedance spectra at the frequency closest to the anti-
resonant frequency of the slot liner, i.e., 2.0 kHz. When compared
in the admittance plane, however, the comparison between NIT-
and GIT-educed results improved significantly (0.06 < K < 0.16 and
-0.27 < a < 0.00). Otherwise, the agreement between the NIT- and
GIT-educed impedance spectra is generally good. Again, the poor
comparisons at a frequency of 0.5 kHz require further investigation.

Conclusions
On the basis of the results of this work, the following specific

conclusions are drawn:
1) The current adaption of the Davidon-Fletcher-Powell opti-

mization algorithm to the impedance-eduction method represents a
significant step forward in impedance measurement technology in
flow.

2) The GIT-educted results compare favorably with NIT-educed
normal incidence admittance spectra for one rigid liner and with
NIT-educed impedance spectra for two soft test liners in a uni-
form flow, except at the antiresonant frequency. Difficulties at anti-
resonant frequencies are typical in impedance/admittance-eduction
methods.

3) The impedance of the soft test liners is also dependent on the
flow Mach number at a frequency of 0.5 kHz. This dependency of
the impedance on the flow Mach number at 0.5 kHz is unexpected
and requires further investigation.

4) The success of the GIT impedance-eduction method warrants
the extension of the method to include the refractive effects of the
flow.
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